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Abstract
The electron delocalization range function EDR(~r ; dÞ (Janesko et al., J. Chem. Phys. 2014, 141,

144104) quantifies the width of the one-particle density matrix about point~r , measuring aspects

of delocalization. Here, we explore the EDR in stretched and compressed chemical bonds. The

EDR illustrates how compressing chemical bonds localizes the one-particle density matrix about

the reference point, and captures aspects of fractional occupancy, and left-right correlation in

stretched covalent bonds.
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1 | INTRODUCTION

Electron delocalization is fundamental to our understanding of chemical

bonding. Chemistry students are taught how valence electrons delocal-

ize across covalent bonds, and how bond breaking returns electrons to

atoms. Visualizing, quantifying, and interpreting aspects of bonding

remains a topic of active study. Novel bonding motifs, from sigma aro-

maticity[1] to sigma-hole[2] and charge-shift[3] bonding, are regularly

proposed in the literature. New electronic structure approximations

attack classic problems, including nondynamical correlation[4–6] and dis-

sociation of odd-electron[4,7,8] and multiple bonds.[9,10]

Many theorists have built computational tools to help understand

bonding based on electronic structure calculations. Some tools are

computed directly from calculated N-electron wavefunctions. Examples

include weights of resonance structures,[11] valence bond theory,[12]

block-localized wavefunctions,[13] natural bond orbitals,[14] sharing indi-

ces,[15] and adaptive natural density partitioning.[16] Other tools are cal-

culated from the electron density, including the quantum theory of

atoms in molecules,[17,18] inhomogeneity,[19] bond ellipticity,[20] and the

single exponential decay detector.[21]

We focus on tools built from the nonlocal one-particle density

matrix (1-RDM) g ~r ;~r 0
� �

, obtained from N-electron wavefunction W

~r1;~r2 . . .~rnð Þ as

g ~r ;~r 0
� � ¼ N Sd3~r2 . . . d3~rNW ~r ;~r2 . . .~rnð ÞW� ~r 0;~r2 . . .~rn

� �
¼
X
i

niui ~rð Þu�
i ~r

0� � (1)

(Spin dependence is suppressed for conciseness) Diagonal 1-RDM

elements q rð Þ ¼ lim~r 0!~r g ~r ;~r 0
� �

give the probability density for finding

an electron at point r. Like molecular orbitals ui ~rð Þ themselves, off-

diagonal 1-RDM elements~r 6¼~r 0 are not quantum-mechanical observ-

ables. However, many previous authors have shown how these nonob-

servable quantities can provide insight into chemical bonding.[22,23] The

interference effects of atomic orbitals may be more apparent in the

off-diagonal part of 1-RDM than in the diagonal charge density.[22,24]

The electronic kinetic energy expectation value is an explicit function

of the 1-RDM but not of the electron density.[25,26] The 1-RDM con-

tributes to the electron pair density through the Fermi hole

(/ jg ~r ;~r 0
� �j2Þ.[27,28] The off-diagonal parts of the 1-RDM show positive

and negative peaks and saddle points which arise from chemical bonds

and do not occur in promolecular 1-RDM.[22,29] The off-diagonal ele-

ments of the 1-RDM in Hilbert space yields various definitions of cova-

lent bond order.[30–32] The off-diagonal elements are indirectly linked

to momentum-space description of chemical system and provide infor-

mation about the velocity and “range” of electrons.[22]

The electron delocalization range function is designed to address

an inherent problem of analyzing the 1-RDM: namely, that this func-

tion of six variables cannot be visualized all at once. The EDR is

designed to extract information about bonding out of the full 1-RDM.

To motivate our analysis, therefore, we provide a brief overview of

some other methods to extract information about bonding out of the

full 1-RDM. Two-dimensional plots of the 1-RDM along symmetry

axes has been achieved to characterize and classify the various off-

diagonal regions.[22,23] Such analyses are particularly useful for transi-

tion density matrices.[33–35] Orbital and basis-set independent bond

orders[27,28,36–40] have been obtained by the integration of the 1-RDM,

its square root, or the Fermi hole over atomic domains.[18] The domain-

averaged Fermi holes, which provides the quantitative assessment of
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electron delocalization, location and degree of electrons pairing, energy

ordering of resonance structures and finer details of electron–electron

interactions are obtained by partial integration over atomic domains.[27,41,42]

Direct partitioning of the 1-RDM into pairs of atomic domains provides

useful information about covalent bond orders, bond polarization,

transferability, bonding multiplicity, and contribution of individual

atoms to covalent bonds which in turn quantify the dative nature of

bonds.[43–45] The kinetic energy density[27] in positive definite form,

which is (as stated above) an explicit function of the 1-RDM but not of

the electron density, provides the electron localization function

(ELF),[46–49] the localization and delocalization indices count the num-

ber of electrons shared between atoms,[50] the noncovalent interaction

index,[51] the source function,[52] electron population analysis-based

electron delocalization index[53] and electron localizability indicator.[54]

Electron sharing indices from different partition schemes based on den-

sity matrices have highlighted the effect of correlation in polar, non-

polar and aromatic systems.[55] The localized orbital locator, reciprocal

form factor and parity function obtained by projecting the off-diagonal

1-RDM onto the subspaces of internal or external coordinates, provide

complementary analysis of molecular electronic structure.[56–58] Per-

haps most pertinent to the present work, analyses of the projected

Fermi hole provide insight into the interplay of exchange hole delocali-

zation and strong correlation in dissociating bonds.[59–62]

The electron delocalization range function EDR~r ; dð Þ complements

these tools by focusing on the distance between points r and r0 in

g ~r ;~r 0
� �

. The EDR quantifies the extent to which the 1-RDM about

point r decays over r-r0 with distance d. It does so by projecting g ~r ;~r 0
� �

onto a model 1-RDM that is centered at point r, and decays over r-r0

with distance d, by construction:

EDR~r ; dð Þ ¼ Sd3~r 0gd ~r
0
;~r 0

� �
g ~r ;~r 0
� �

(2)

gd ~r ;~r
0� � ¼ q2

1
2 ~rð Þ 2

pd2

� �3=4

exp 2
j~r2~r 0j2
d2

 !
(3)

Equation 3 is the 1-RDM of a well-defined reference system, a uni-

form electron gas (UEG) with density q � d23.[63] (More precisely,

Equation 3 is a Gaussian fit to the exact Kohn–Sham density matrix

of the UEG, constructed to remove Friedel oscillations.) This ensures

jEDR ~r ; dð Þj � 1: The projection is conceptually related to the spatial

distribution of odd electrons obtained from the exchange hole nor-

malization,[61,62] as well as to recent extensions incorporating pro-

jection onto a localized model exchange hole.[60,61]

Figure 1 of reference 64 shows how the EDR quantifies the off-

diagonal width of the 1-RDM about reference point r. Reference 63

presents the equations necessary to evaluate Equation 2. We have used

the EDR to quantify the delocalization of atoms and molecules,[63] sol-

vated electrons,[64] and electrides.[65] The atomic averages of the EDR

and plots of EDR on molecular surfaces provide a chemically intuitive

picture of the sizes of occupied orbital lobes in different regions of mol-

ecule.[66] The topological analysis of EDR provides useful information

about chemistry of molecules, solids, and surfaces.[67] Preliminary inves-

tigations of H2 dissociation illustrated how the EDR can quantify the

interplay of delocalization and nondynamical correlation, the fractional

FIGURE 1 Bond dissociation energy DEbond, (top), electronic
kinetic energy expectation value KE, (middle), and system-averaged
delocalization length Dmax (bottom) of ground-state singlet H2, plot-
ted versus HAH bond length
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occupations (“fractional spin”)[68,69] at dissociation, and the errors made

by restricted and unrestricted Hartree–Fock (UHF) theory. This work

extends those studies by treating other bonding situations including

closed-shell interactions, polar covalent, charge-shift, and ionic bonds.

As a function of four variables, the EDR cannot be visualized in its

entirety. We instead use three different “descriptors” extracted from

the EDR. Descriptor 1 is the “system-averaged delocalization length”

Dmax ¼ argmax dð Þ EDR dð Þ (4)

built from the system-averaged

EDR dð Þ ¼
ð
d3~rq ~rð ÞEDR~r ; dð Þ: (5)

In general, as a system’s electrons become more diffuse and weakly

bound, their average kinetic energy decreases and Dmax increases. We

plot system’s total kinetic energy and Dmax versus bond length for a

global picture of how bond stretching delocalizes electrons.

Descriptor 2 is the “bond delocalization shift,” defined as how a

molecule’s EDR dð Þ differs from its separate atoms. Diatomic A-B has:

DEDR AB; dð Þ ¼ EDR dð ÞAB2EDR dð ÞA 2EDR dð ÞB (6)

Two-dimensional plots of bond delocalization shift as a function of

delocalization length d (bohr) and bond length R (Å) illustrate how

bonding localizes the 1-RDM. Compressing bonds tends to localize

electrons, giving a positive bond delocalization shift at small distances

d, and a negative bond delocalization shift at large d.

Descriptor 3 is real-space plots of isosurfaces EDR(r;dspecial) eval-

uated at “special” length scales dspecial. This shows the locations in real

space where electrons tend to be localized to distance dspecial. For

example, our study of electrons solvated in water clusters[64] chose

dspecial to maximize DEDR AB; dð Þ of the cluster with versus without a

solvated electron. The resulting EDR(r;dspecial) highlighted precisely the

FIGURE 2 Bond delocalization shift DEDR H2; dð Þ of ground-state
singlet H2, plotted versus delocalization distance d and HAH bond
length. RHF (top), UHF (middle), FCI (bottom). Horizontal lines
denote the equilibrium bond length and Coulson–Fischer point

FIGURE 3 FCI bond delocalization shift DEDR H2; dð Þ of ground-
state singlet H2, evaluated in a minimal basis set
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same region of space as the major lobe of the orbital containing the

solvated electron. This choice of “special” length scale itself had a one-

to-one correlation with the solvated electron’s HOMO radius of gryra-

tion, demonstrating how Descriptor 3 extracts chemically relevant

information about 1-RDM localization. We also include contour plots

of EDR(x,d) for points x along a bond axis, a convention introduced in

reference 63.

2 | COMPUTATIONAL DETAILS

Calculations use restricted Hartree–Fock (RHF) theory, unrestricted

Hartree-Fock (UHF), coupled cluster theory (CCSD), Kohn–Sham den-

sity functional theory (DFT) with the B3LYP exchange-correlation

functional,[70–75] or full configuration interaction (FCI) providing the

exact ground state in a given basis set. Unrestricted calculations use

stability analysis to locate stable wavefunctions.[76] CCSD density mat-

rices are evaluated using the Z-vector approach.[77,78] Molecular orbi-

tals are expanded in the aug-cc-pVTZ[79,80] basis set unless noted

otherwise. No corrections are made for basis set superposition error.

All calculations use the development version of the Gaussian suite of

programs.[81] The EDR is evaluated as described previously.[63–65] Dmax

is evaluated by numerical maximization of EDR dið Þ evaluated on an

even-tempered set of 10–60 distances di. Calculations were performed

using quadratically convergent SCF procedures.[82] DEDR plots along

with other useful information are provided in Supporting Information.

DEbond and KE denote the bond dissociation energy and the electronic

kinetic energy expectation value.

3 | RESULTS AND DISCUSSION

3.1 | Ground-state singlet H2

The H2 molecule’s singlet ground state is the textbook illustration of

left-right electron correlation.[83] Stretching the bond beyond the

Coulson–Fischer bond length makes the RHF wavefunction unstable,

leading to a symmetry breaking that localizes spin-up and spin-down

electrons to different atoms. Further stretching makes the RHF singlet

and UHF triplet energy curves cross. Accurate treatments of the

stretched bond require multireference calculations, which may be

thought of as incorporating the two Lewis structures H"H# and

H#H".[4] Previous studies have shown that ELF could not effectively

visualize these effects, as the ELF from single-determinant calculations

on H2 is identically 1 at all points in space and at all bond lengths.[67,84]

Basin-point sharing indices and the shared-electron distribution index

clearly highlight the interplay of delocalization and correlation in this

system.[38,41] Critical points in the off-diagonal 1-RDM are associated

with the covalent bond.[23]

We begin by extending our previous study[63] of H2. Figure 1

shows a global picture of H2 dissociation, plotting the bond energy

DEbond, total electronic kinetic energy KE, and system-averaged deloc-

alization length Dmax as functions of bond length. DEbond and KE match

previous work.[85–91] Trends in Dmax mirror trends in KE: where the KE

is large, Dmax is small, and vice versa. At the equilibrium bond length,

the exact (FCI) KE is larger than that of two H atoms consistent with

the virial theorem.[92–94]

Stretching the bond gives a KE minimum at modest bond

lengths,[95] and convergence to the isolated atom limit. RHF calcula-

tions predict an excessively large Dmax and excessively low KE at disso-

ciation. This is a well-known consequence of RHF theory’s nonzero

probability for finding both electrons on the same atom at dissociation,

a spurious Coulomb repulsion that produces a spuriously over-

delocalized density matrix and a spurious low KE. Symmetry-restricted

RB3LYP DFT calculations partly correct for this over-delocalization.

UHF calculations show a derivative discontinuity in KE and Dmax at the

Coulson–Fischer point, and “over-localization” with too small Dmax and

FIGURE 4 System averaged EDR dð Þ of H atom, stretched FCI H2,
and stretched H1

2

FIGURE 5 EDR (~r ; d ¼ 4:0 bohrÞ ¼ 0:75 for H2 stretched to bond
length 1.4Å. (top) RHF, (bottom) FCI
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too large KE at bond lengths around 2 Angstrom. This reproduces the

recent study by Hollett and coworkers, who found that the UHF

kinetic energy of correlation is negative in this region.[5]

Figure 2 shows how the "-spin electron’s bond delocalization shift D

EDR H2; dð Þ gives more insight into dissociation. Test calculations on H1
2

give a bond delocalization shift qualitatively similar to H2 (not shown). At

equilibrium, the electrons are more localized[95] and more tightly bound

than in the isolated atoms, giving a positive peak at small delocalization

distance d (Figure 2a region A) and a negative peak at large d. Compress-

ing the bond further localizes the electrons and intensifies these peaks.

Before continuing, we highlight an example of how the bond

delocalization shift can visualize a classic concept in chemical bonding.

Figure 3 shows how the bond delocalization shift highlights the well-

known contraction of the electron density towards the nuclei in cova-

lent bonds.[92–94] Minimal-basis calculations that prevent density con-

traction yield an overall delocalization of the electrons at equilibrium:

unlike the large-basis calculations in Figure 2a, the electrons are more

delocalized than in the isolated atoms, giving a negative peak at small d

and a positive peak at large d. This analysis isolates the critical role of

delocalization in covalent bonding.

Returning to Figure 2, we see that the bond delocalization shift

can also help visualize the “fractional spin” critical to nondynamical cor-

relation in chemical bonds.[96] This highlights the EDR’s connections to

recent studies of effectively unpaired electrons based on projected

exchange holes.[59–62] At stretched bond lengths, both RHF and FCI

calculations give that the "-spin electron has an equal probability of

being found on either the left or right atom. Projecting this delocalized

electron’s 1-RDM onto the localized 1-RDM of Equation 2 gives a value

much less than 1, regardless of distance d. This shows up as a dark (neg-

ative) region growing in at large bond lengths (Figure 2a point C). This

region of the bond delocalization shift thus precisely identifies the frac-

tional occupancy of atoms in a dissociated covalent bond. Figure 4

FIGURE 6 DEbond, KE, and Dmax of ground-state singlet He2, plot-
ted versus HeAHe bond length. Vertical dotted line denotes the
equilibrium bond length. Horizontal dotted line denotes the value
for two isolated He atoms

FIGURE 7 CCSD bond delocalization shift DEDR He2; dð Þ for He2,
plotted as a function of delocalization distance d and HeAHe bond
length. Small numerical artifacts at small d and large bond length
arise from our choice of contours
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FIGURE 8 DEbond, KE, and Dmax of ground-state singlet FH mole-
cule, plotted versus FAH bond length. Vertical line denotes equilib-
rium bond length. Horizontal lines denote the sum of isolated H
and F atoms for CCSD and UHF

FIGURE 9 Bond delocalization shift DEDR FH; dð Þ of FH plotted as
a function of delocalization distance d and FAH bond length. RHF
(top), UHF (middle), CCSD (bottom). Dotted line denotes the
equilibrium bond length and Coulson–Fischer point
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provides an additional proof of this effect, showing the system-

averaged EDR itself for H atom and dissociated H2 and H1
2 . The two

dissociated bonds have half spin-up electron on each atom, which

rescales the entire system-averaged EDR dð Þ by a factor of 1/�2. (A

small “bump” at very large d arises from the finite bond lengths used

here.) This result clearly illustrates how the positive and negative

regions of the bond delocalization shift highlight the interplay of bond

stretching and fractional occupancy in dissociating bonds. Moreover,

the UHF bond delocalization shift in Figure 2 smoothly converges to

zero past the Coulson–Fischer point, highlighting the absence of frac-

tional occupancy effects in the symmetry-broken calculation.

The RHF and FCI bond delocalization shifts in Figure 2 have a

small positive peak at all plotted bond lengths. The distance d of this

peak increases with bond length (Figure 2 region B). This peak arises

from overlap between the density matrix on the atoms and the EDR

test function at the bond midpoint.

While system-averaged values like those plotted in Figures 2–4

suffice for insight into simple diatomics, analyses of bonding in more

complicated molecules will require a real-space picture of the effects of

stretching individual bonds. We thus conclude our discussion of H2 by

showing how our third descriptor can provide such a real-space picture.

Figure 5 shows the real-space EDR from point “D” in Figure 2a: rela-

tively large distance d=4 Bohr, bond length R stretched to 1.4 Ang-

strom. The RHF isosurface shows that these relatively delocalized

electrons reside near the middle of the bond, as expected from conven-

tional pictures of chemical bonding. Plots of the EDR at d=1 Bohr and

the equilibrium bond length are qualitatively similar (Supporting Infor-

mation). The FCI isosurface also sits near the bond midpoint, but occu-

pies a smaller volume, consistent with RHF over-delocalization.

3.2 | van der Waals interaction: He2

Helium dimer has a weak van der Waals interaction.[97] van der Waals

interactions arise from electron pair fluctuations, and will not show up

in the 1-RDM. Topological analysis identifies a weakly antibonding

interaction in the He2 1-RDM, as distinct from the coupled fluctuations

of electron pair probability giving rise to the van der Waals interac-

tion.[23] The electron sharing index decays exponentially with distance,

FIGURE 10 Isosurfaces of the RHF EDR in FAH molecule. (Top)
EDR(~r ; d ¼ 2 bohrÞ ¼ 0:7 at equilibrium bond length. (Middle) EDR
(~r ; d ¼ 2 bohrÞ ¼ 0:7 at bond length 2.5 Å. (Bottom) EDR
(~r ; d ¼ 4 bohrÞ ¼ 0:5 at bond length 2.5Å

FIGURE 11 DEbond, KE, and Dmax of ground-state singlet F2, plot-
ted versus FAF bond length
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FIGURE 12 Bond delocalization shift DEDR F2; dð Þ of F2 plotted as
a function of delocalization distance d and FAF bond length. RHF
(top), UHF (middle), CCSD (bottom). Dotted line denotes RHF local
minimum bond length

FIGURE 13 Isosurfaces of the CCSD EDR in F2, at the RHF local
minimum bond length 1.30 Å. (Top) EDR (~r ; d ¼ 1:00 bohrÞ ¼ 0:8.
Middle EDR (~r ; d ¼ 1:50 bohrÞ ¼ 0:75 (Bottom) EDR
(~r ; d ¼ 3:00 bohrÞ ¼ 0:45

FIGURE 14 Isosurfaces EDR(~r ; d ¼ 1:00 bohrÞ ¼ 0:6 in F2
stretched to bond length 2.00Å. (Top) RHF, (middle) UHF, (bottom)
CCSD
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in line with noncovalent interactions between atoms.[98] We thus

expect that the EDR will not capture bonding interactions in He2, and

will only highlight Pauli repulsion.

Figure 6 shows the helium dimer’s DEbond, KE, and Dmax as func-

tions of bond length. As in Figure 1, trends in Dmax mirror trends in KE.

The KE converges from above to the isolated-atom limit. Dmax instead

shows a tiny peak at modest bond lengths. This artifact of the EDR in

nonbonded regions is described in reference 64. Figure 7 shows the He

dimer’s CCSD bond delocalization shift. As in Figure 2, compressing the

bond localizes the electrons, giving a positive peak at small d. Stretching

the bond makes the 1-RDM smoothly converge to the isolated-atom

limit, such that the bond delocalization shift goes to zero. Plotting the

EDR in real space (not shown) gives nearly spherically symmetric regions

about each atom. We conclude that, as expected, the 1-RDM and EDR

give limited information about the van der Waals interaction.

3.3 | Polar covalent bond: FH

Polar covalent bonds like hydrogen fluoride (FH) have an unequal shar-

ing of electrons[99] but dissociate in the gas phase to neutral atoms.[100]

Figure 8 shows the FH molecule’s DEbond, KE, and Dmax as functions of

bond length. As in Figure 1, trends in Dmax mirror trends in KE. The KE

is similar to H2: larger than the isolated-atom limit at equilibrium, mini-

mized past equilibrium, and converging in UHF calculations to the

isolated-atom limit. Dmax variations are small, as the system average is

dominated by fluorine’s localized core electrons. This further highlights

the importance of real-space pictures like that in Figure 5.

Figure 9 shows the FH molecule’s bond delocalization shift

DEDR FH; dð Þ. As for H2, the bond delocalization shift at the equilibrium

bond length has a positive peak at small d and a negative peak at large

d, highlighting electrons localized in the stable bond.

As for H2, bond stretching gives fractional occupancy in RHF and

CCSD wavefunctions, yielding negative DEDR FH; dð Þ at large bond

length and d=4 bohr. One notable difference between FH and H2 is that

the Coulson–Fischer point in FH occurs at relatively short bond lengths.

Accordingly, the UHF bond delocalization shift does not show the nega-

tive region seen in H2, but smoothly converges to the isolated-atom limit.

The real-space EDR of stretched FH provides another perspective

on this system. Figure 10 shows that at the equilibrium bond length,

the relatively localized electrons at d=2 bohr are located between F

FIGURE 15 DEbond (a), KE (b), Dmax (c), and Hirshfeld charge on Li atom (d) of ground-state X1P1 LiH molecule, plotted versus LiAH bond

length. Vertical line denotes the equilibrium bond length
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and H atoms. Stretching the bond to R= 2.5 Å leaves these relatively

localized electrons on F atom. Instead, the relatively delocalized elec-

trons at d=4 bohr are found in the bonding region, and on the H atom.

This is consistent with the atomic electronegativities: electrons on H

will tend to be bound less tightly than electrons on F.

3.4 | Charge-shift bond: F2

The F2 molecule exhibits charge-shift bonding,[3,101] arising largely

from resonance between F1 F- and F-F1 Lewis structures. Like the

dipole-dipole fluctuations binding He2, these charge-charge fluctua-

tions are obvious in the pair density, but less obvious in the 1-RDM.

Indeed, a classic symptom of charge-shift bonding is a negligibly small

value of the ELF near the bond midpoint.[3] Given this, it is interesting

to compare our tools’ predictions for charge-shift bonds.

Figure 11 shows the F2 molecule’s DEbond, KE, and Dmax as func-

tions of bond length. Figure 12 shows the corresponding bond

FIGURE 16 CCSD EDR(x, d) of spin-up electrons in stretched LiH
at R = 2.0Å (top) and at R = 3.8 Å (bottom)

FIGURE 17 Bond delocalization shift DEDR LiH; dð Þ of LiH plotted
as a function of delocalization distance d and LiH bond length.
RHF (top), UHF (middle), CCSD (bottom). Dotted line denotes the
equilibrium bond length
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delocalization shift. Many of the trends mirror those of H2, and our dis-

cussion here focuses on the most interesting differences. The UHF dis-

sociation curve is unbound, and the Coulson–Fischer point occurs very

near the equilibrium bond length. As in FH, this is clearly visible in the

UHF bond delocalization shift, which smoothly converges to the

isolated-atom limit. The UHF Dmax converges smoothly to the isolated-

atom limit past the Coulson–Fischer point, while the UHF KE exhibits a

small local maximum. The RHF and CCSD bond delocalization shifts

again highlight the “fractional spin” of the dissociating atoms with a

negative peak at small d and large bond length.

Figure 13 shows the EDR in F2 near equilibrium. Like the ELF, the

EDR at small d is quite small in the bonding region, with an “hourglass”

shape that appears characteristic of charge-shift bonding.

Stretching the bond past the Coulson–Fischer point (Figure 14)

exaggerates this, with the EDR at d=1 Bohr almost completely con-

verged to that of isolated fractional-spin F atoms. The EDR at longer

length scales is overall significantly smaller (note the choice of isosur-

face), highlighting the presence of a small amount of delocalized elec-

tron density around the atoms. Finally, the "-spin UHF EDR in Figure

14 shows a small degree of symmetry-breaking, highlighting the

symmetry-broken solution.

3.5 | Ionic molecule: LiH

LiH has long been a test case for quantum chemistry.[38,102–105] The

adiabatic ground state X1P1 of LiH is mostly ionic at the equilibrium

bond length, and has increasing covalent character as the bond is

stretched.[102] This bonding has been studied by various descrip-

tors[38,102] and is associated with a “harpoon” mechanism.[106]

Figure 15 shows the LiH DEbond, KE, and Dmax as well as the Hirsh-

feld charge on Li atom as functions of bond length. As in Figure 1,

trends in Dmax mirror trends in KE. Accurate CCSD calculations show

that the Hirshfeld charge drops to zero between 2.5 and 4 Angstrom,

qualitatively consistent with the QTAIM charges in Figure 2 of refer-

ence 102. The RHF singlet instead gives excessive charge transfer in

stretched bonds. The CCSD kinetic energy goes through a minimum in

this region, and Dmax goes through a maximum, qualitatively consistent

with the corresponding maximum in the shared-electron distribution

index.[38,102] The UHF solution shows the by-now familiar discontinu-

ities in KE and Dmax.

Figure 16 provides a different perspective on this system, showing

how the EDR can highlight the back-transfer of electrons from H to Li

as the bond is stretched. (Similar plots for H2 and FH are included as

Supporting Information.) For modestly stretched bonds (R=2 Ang-

strom), the EDR shows a peak in the Li core region at small d, highlight-

ing the localized Li core electrons, and a second peak near the H at

most larger d, highlighting the delocalized valence electrons transferred

to hydrogen. For further bond stretching (R=3.8 Angstrom), this peak

bifurcates into a more localized peak on H, and a more delocalized

peak on Li, highlighting the transfer of electrons into the Li atom

valence region. This bifurcation is similar to that seen in the ELF in Fig-

ure 5 of reference 102, with the added information that the peak near

Li is less localized and more diffuse than the peak near H. An animation

provided as Supporting Information illustrates how the EDR becomes

more delocalized, and more shifted to the Li atom, as the bond is

stretched. Figure 17 shows the bond delocalization shift for LiH. As for

the other molecules studied, the bond delocalization shift has a positive

peak at small delocalization lengths and a negative peak at large deloc-

alization lengths, highlighting how bond formation makes the electrons

more localized and more tightly bound.

The RHF and CCSD bond delocalization shifts show fractional

occupancy effects at large bond lengths. The UHF bond delocalization

shifts clearly indicates the abrupt changes at the Coulson–Fischer

point, and shows the expected smooth convergence to the isolated-

atom limit on further bond stretching.

4 | CONCLUSIONS

The results presented in this work illustrate how the electron delocali-

zation range can give insight into bond dissociation. The system-

averaged delocalization length Dmax largely mirrors trends in the

system-averaged kinetic energy. Bond delocalization shifts quantifies

effects of delocalization and fractional occupancy in stretched bonds,

providing a more detailed picture. Isosurfaces of the EDR itself, plotted

at delocalization lengths identified in the bond delocalization shift,

highlight chemically interesting regions of space. We conclude that the

EDR provides a novel perspective on bond dissociation.
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